We present a series of results focused on the decay in time of solutions of classical and anomalous diffusive equations in a bounded domain. The size of the solution is measured in a Lebesgue space, and the setting comprises time-fractional and space-fractional equations and operators of nonlinear type. We also discuss how fractional operators may affect long-time asymptotics.
In this note we present some results, recently obtained in [DVV, AVb] , focused on the long-time behavior of solutions of evolution equations which may exhibit anomalous diffusion, caused by either time-fractional or space-fractional effects (or both). The case of several nonlinear operators will be also taken into account (and indeed some of the results that we present are new also for classical diffusion run by nonlinear operators).
The results that we establish give quantitative bounds on the decay in time of smooth solutions, confined in a smooth bounded set with Dirichlet data. The size of the solution will be measured in classical Lebesgue spaces, and we will detect different types of decays according to the different cases that we take into consideration (the main order of decay being affected by the structure of the diffusion in time and by the possible nonlinear character of the spatial operator).
The evolution equation that we take into account is very general, and it can be written as an initial datum problem with homogeneous external Dirichlet condition of the type (1)
in Ω × (0, +∞), u = 0 in (R n \ Ω) × (0, +∞), u(·, 0) = u 0 (·)
in Ω.
In this setting, u = u(x, t) is a smooth solution of (1), Ω is a bounded set of R n with smooth boundary (and we are not trying here to optimize the smoothness assumptions on the solution or on the domain), the convex parameters λ 1 , λ 2 ∈ [0, 1] are such that λ 1 + λ 2 = 1, the (possibly nonlinear) operator N acts on the space variable x, and the time-fractional parameter α lies in (0, 1). Also, in our setting, the symbol ∂ α t stands for the so-called Caputo time-fractional derivative, defined, up to normalizing constants that we omit for simplicity, by
The operator N in (1) takes into account the diffusion in the space variable, and can be either of classical or of fractional type, and concrete choices will be made in what follows. More precisely, our setting always comprises, as particular situations, the cases of diffusion driven by the Laplacian or by the fractional Laplacian, defined by
where the integral is taken in the principal value sense (to allow cancellations near the singularity).
In our framework, we also deal with the case in which N is nonlinear, studying the cases of the classical p-Laplacian and porous media diffusion (see [DiB93, Váz07] )
with p ∈ (1, +∞) and m ∈ (0, +∞), the case of graphical mean curvature, given in formula (13.1) of [GW84] , div ∇u
the case of the fractional p-Laplacian (see e.g. [BLS18] )
with p ∈ (1, +∞) and s ∈ (0, 1), and even the sum of different nonlinear operator of this type, with coefficients β j > 0,
with p j ∈ (1, +∞) and s j ∈ (0, 1), the case of the anisotropic fractional Laplacian, that is the sum of fractional directional derivatives in the directions of the space e j , given by
for β j > 0, β = (β 1 , . . . , β n ) and σ = (σ 1 , . . . , σ n ), where
considered for example in [FV17] . The list of possible diffusion operators continues with two fractional porous media operators (see [CV11, dPQRV11] ) ∆u(x), and the fractional Kirchhoff operator (see [FV14] )
with M : [0, +∞) → [0, +∞) nondecreasing and s ∈ (0, 1).
The case of complex valued operators is also considered, in view of a classical (see [IK62] ) and fractional (see [NPSV18] ) magnetic settings, in which we took into account the operators
where A : R n → R n represents the magnetic field.
For further motivations and additional details on these operators, we refer to [DVV, AVb] : here we just mention that, given the general assumptions that we take, the operator N in (1) comprises many cases of interest in both pure and applied mathematics, with applications in several disciplines, see for instance [MK00, BV16, ILC + 17] for detailed discussions on anomalous diffusion with several applications in different contexts.
In our setting, we will obtain decay estimates in suitable Lebesgue spaces L ℓ (Ω), for some appropriate exponent ℓ 1. The typical estimate that we establish is that all solutions u of (1) satisfy
where C * > 0 depends on the structural assumptions of the problem (namely on Ω, λ 1 , λ 2 , α, N , u 0 and ℓ), and Θ : [1, +∞) → (0, +∞) is an appropriate decay function, described here below in concrete situations, possibly depending on another constant C > 0. The proof of the decay in (2) relies on energy estimates, which are in turn based on suitable Sobolev embeddings that employ the "parabolic" structure of the problem, leading to an appropriate ordinary differential inequality (if λ 1 in (1) is equal to zero), or an appropriate integral inequality (if λ 1 = 1), or a mixed differential/integrodifferential inequality (if λ 1 ∈ (0, 1)), for the norm-map t → u(·, t) L ℓ (Ω) .The solutions of the equations related to those inequalities are used as barriers and compared to the function u(·, t) L ℓ (Ω) , as presented in Theorem 1.1 of [DVV] and Theorems 1.1 and 1.2 of [AVb] . More precisely, the "elliptic" character of the spatial diffusive operator is encoded in an inequality of the type
where γ and C are positive structural constants, "Re" denotes the real part and u is the complex conjugate of u (in case the problem is set in the reals, the inequality in (3) obviously simplifies). We observe that (3) becomes more transparent when ℓ = 2 and N u = −∆u, with u real valued: in such a case, after an integration by parts which takes into account the Dirichlet datum of u, the inequality in (3) boils down to the classical Sobolev-Poincaré inequality with γ = 1.
Once the inequality in (3) is established for the operator N under consideration, one obtains a bound in terms of an ordinary differential equation, or more generally of a nonlinear integral equation on the variable t: depending on γ and on the type of time-derivative, this provides an estimate on the decay in t of the norm-map t → u(·, t) L ℓ (Ω) , which can be either polynomial or exponential (in particular, different operators N can lead to different values of γ and therefore to different asymptotics in time for the solution u).
This strategy, suitably adapted to the different situations, applies to many operators: the concrete cases that we comprise are listed explicitly in the Tables 1 and 2, which present the main results achieved in [DVV, AVb] . For the first table, the theorems cited in the last column are the ones proving (3) and a decay estimate in the case λ 1 = 1 and λ 2 = 0 for the operators in their row. Then, combining these results with Theorem 1.1 and 1.2 of [AVb] , the declared estimates trivially follow.
It would be interesting to detect the optimality of the estimates listed in Tables 1 and 2, and to investigate other cases of interest as well. For related decay estimates, see [GG08, BIK15, KSVZ16]. We also remark that the interplay between time derivatives and fractional diffusion produces interesting decay patterns
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also in nonlinear equations, see e.g. [PV16] . Furthermore, in general, the fractional aspect of the problem can cause significant differences, as can be observed also from the time decays of Tables 1 and 2 . For instance, one may notice that the decay switch from polynomial to exponential in the Kirchhoff equations when the time-diffusion changes from fractional to classical, and this independently on the fact that the space diffusion is of classical or fractional type (roughly speaking, in this context, it is just the character of the diffusion in time which detects the time decay, regardless the character of the diffusion in space). We also point out that classical and fractional operators share several common properties, but they also exhibit structural differences at a fundamental level. For instance, to exhibit an elementary but very interesting feature in which long-time behaviors are affected by fractional environments, we recall that fractional diffusion in space, as modeled by the fractional Laplacian (−∆) s with s ∈ (0, 1), is related to Lévy-type and 2s-stable stochastic processes, and in such case the long jumps of the underlying random walk causes significant differences with respect to the classical Brownian motion. In particular, fractional processes are typically recurrent only in dimension 1 and for values of s greater or equal to 1/2 (being transient in dimension 2 and higher, and also in dimension 1 for values of s smaller than 1/2), and this is an important difference with respect to the case of Gaussian processes, which are recurrent in dimensions 1 and 2 (and transient in dimension 3 and higher). See Example 3.5 in [San16] and the references therein for a detailed treatment of recurrence and transiency for Lévy-type processes. In this note, in Appendix A, we present a very simple, and somewhat heuristic, discussion of the recurrence and transiency properties related to the long jump random walks, based on PDE methods and completely accessible to a broad audience.
For a detailed list of other elementary structural differences between classical and fractional diffusion see also Section 2.1 in [AV].
Appendix A. Recurrence and transiency of long jump random processes
In this appendix, we discuss a simple PDE approach to the recurrence of the long jump random walk related to (−∆) s in dimension 1 and for values of s greater or equal to 1/2 and to its transiency in dimension 2 and higher, and also in dimension 1 for values of s smaller than 1/2. The treatment will comprise the classical case s = 1 as well, showing how the structural differences between the different regimes naturally arise from a PDE analysis.
To this end, for s ∈ (0, 1], we denote by G s (x, t) the solution of the (possibly fractional) heat equation with initial datum given by the Dirac's Delta, namely
When s = 1, we have that such function reduces to the classical Gauss kernel for the heat flow, namely
In general, when s ∈ (0, 1), the expression of G s is less explicit, except when s = 1/2: in this case, it holds that
where c > 0 is a normalizing constant -the need of which lying in the general mass conservation law (4) 
In view of (8), we can consider q(s) as related to the probability of the stochastic process associated with the operator (−∆) s of "drifting away without coming back". Namely (see [Val09] ), we know that
represents the probability that a particle starting at the origin at time 0 and following the stochastic process producing (−∆) s ends up in the region A ⊆ R n at time t. In this sense, the quantity q k (s, ρ) in (7) represents the probability that this particle lies outside B ρ at time k. Roughly speaking, for small ρ, a natural ansatz is to assume these events to be more or less independent from each other: indeed, in view of (6), using the substitution y := x/ρ we have that
representing the probability of a particle to lie outside B 1 at time k/ρ 2s . In view of this, since the time steps k/ρ 2s are very separated from each other when ρ is small, we may think that the quantity q(s, ρ) in (9) is a good approximation of the probability that the particle does not lie in B 1 in all the time steps k/ρ 2s , as well as a good approximation of the probability that the particle does not lie in B ρ in all the time steps k ∈ {1, 2, 3, . . . }. In this heuristics, the case in which the quantity q(s) in (9) is equal to 0 indicates that the particle will come back infinitely often to its original position at the origin in integer times (with probability 1); conversely, the case in which the quantity q(s) in (9) is equal to 1 indicates that the particle will return to its original position at the origin in integer times only with probability zero. In this sense, computing q(s) gives an interesting indication of the recurrence properties of the associated stochastic process, and, in our case, this calculation can be performed as follows. First of all, we notice that inf ,
. This gives that
, for some C > c > 0, depending only on n and s, and accordingly that is, in our framework, the classical random walk "comes back to the initial" point in dimensions 1 and 2, and it "drifts away forever" in dimension 3 and higher. When s ∈ (0, 1), the situation is different, since (11) produces the alternative q(s) = 0 if n = 1 and s ∈ [1/2, 1), q(s) = 1 if n 2, and also if n = 1 and s ∈ (0, 1/2).
That is, in our setting, the fractional random walk "comes back to the initial" point only in dimensions 1 and only if the fractional parameter is above a certain threshold (namely s 1/2). Conversely, the fractional random walk "drifts away for ever" already in dimension 2, and even in dimension 1 if the fractional parameter is too small (namely s < 1/2). See e.g. [MCR + 17] and the references therein for a comprehensive treatment of recurrence and transiency of general stochastic processes.
